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Abstract. We show that the classical Szasz analytic function S/v(/)(aO is related to the 
Bergman kernel for the Bargmann-Fock space. Then we generalize this relation to any non- 
compact toric Kahler manifold, defining the generalized Szasz analytic function S^n (/)(x). 
Then we will prove the complete asymptotic expansion of S h N(f)(x) and its scaling limit 
property. As examples, we will compute the generalized Szasz analytic function for the 
unit ball with the Bergman metric and complex 1,2 and 3-dimensional Kepler manifolds 
with incomplete Kahler metrics. In addition, three examples about noncompact complete 
Kahler toric manifolds are discussed, among which are the total space O(-l) -> CP 1 , toric 
Sasaki-manifolds and Rcinhardt Domains. 



In |Zlj . S. Zelditch relates the classical Bernstein polynomials |Be] to the Bergman kernel 
for the Fubini-Study metric on CP 1 , and then generalizes this relation to any compact Kahler 
toric manifold. In this article, we will generalize his idea to any noncompact Kahler toric 
manifold. The model in the noncompact case is the Bargmann-Fock space, in which the 
Bernstein polynomials are replaced by the Szasz analytic functions[S]: 



Szasz analytic functions are connected to the Poisson distribution in the same sense that 
Bernstein polynomials are connected to the binomial distribution. In [S], O. Szasz proved 
that if f{x) is a continuous function and f(x) = 0(x k ) for some k > as x — > oo, then 
Sn(I)(x) converges to f(x) uniformly on any compact subset of [0, oo), i.e., he generalized 
the Bernstein polynomials defined on [0,1] to the infinite interval. 

In section 3, our first observations are Lemmas 13. II and 13.31 SN{f){x) may be rewritten 
in terms of the Bergman kernel for the Bargmann-Fock space. This connection allows us 
to generalize the Szasz analytic function to any noncompact Kahler toric manifold. As 
an application of these observations, we will get a nice asymptotics of the classical Szasz 
analytic function S h N (/). If we integrate on both sides of this asymptotics, we will get 
Dedekind-Riemann sums over the orthant M.™. 

Before we define the generalized Szasz analytic functions, let's first introduce some nota- 
tions (see sections 2 and 4). Let (M,u) be a complex m-dimensional noncompact complete 
Kahler toric manifold with a proper moment map \i : M — ► P with respected to the Hamil- 
tonian T m action and u, where P is the image of the moment map, and denote u as the 
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symplectic potential on P. Let (L, h) be a T m -invariant line bundle over M with the Hermit- 
ian metric h. Denote h N as the Hermitian metric on the line bundle L N induced by h. Let 
B h N : L 2 (M, L N ) — > H^ 2 {M, L ) be the Bergman kernel which is an orthogonal projection. 
Then we have, 

Definition: Assume / G C™(M. m ) has compact support, then the generalized Szasz analytic 
function of f(x) is defined by: 

Sfc»(/)0«0 = 5 7 v *W(s) (2) 

±S h N{Z, Z) 

JV(«(aO+<$-*,Vu(x)» 

u h »m= E — » (3) 

«ez m nP " " ftJV 

where z and x are related by the moment map z = {z a } is a basis of H^ 2 (M, L ) 

and a = («i, a m ) G Z m fl P is a multi-index. 

This generalized Szasz analytic function is analogous to the generalized Bernstein polyno- 
mials defined on any compact Kahler toric manifolds jZlj . and it has analogous properties 
and applications. In section 4, we first have the following proposition: 

Proposition 1.1. 

S h N(f)(x) = ) f(N- 1 D e )B hN (e w z,z)\ e=0 , z= ^ i x ) (4) 

±S h N{Z, Z) 

where Dg = (7^-, • • • , {t^T' = 1, . . . , m} are generators of T m action on M. 

By proposition 11.11 and the complete asymptotic expansion of the Bergman kernel for 
noncompact Kahler toric manifolds (Theorem 14. II which we sketch the proof), we can prove 
the complete asymptotic expansion of our generalized Szasz functions which is one of our 
main results : 

Theorem 1.2. Let (L,h) — > (M,u) be a T m -invariant Hermitian line bundle over a non- 
compact complete Kahler toric manifold with a proper moment map. Let P be the moment 
polyhedral set, ShN(f)(x) be the generalized Szasz analytic function of f with compact sup- 
port. If there exists 7 > 0, such that Ric(h) > 7(0;, —Ric(u)), then: 

S h »{f){x) = f(x) + CJ^N' 1 + C 2 f(x)N~ 2 + ■■■ + C m f(x)N- m + O^"™" 1 ) 

for N large enough, where Cj is a differential operator of order 2j depending only on the 
curvature of the metric h; the expansion may be differentiated infinitely many times. 

Let's pick up a vertex of P, i.e., the fixed point of the torus T m action, assume it to be 
by choosing a new coordinate. If we use the dilation operator: D p f(x) = f{px) for any real 
number p, we will straighten out P so that the neighborhood of the fixed point becomes an 
orthant M.™. If we dilate the Szasz analytic functions at the same time, the following theorem 
shows that S h i is a universal scaling limit. More generally, we can consider dilations near 
some facets of P, i.e., fixed by T fc , k < m action. In this case, we have to use the operation 
D p f(x', x") = f(px', x"), i.e., dilate the first few coordinates and fix the left, then the similar 
result is valid. In fact, we will see that this theorem also generalizes the Poisson Limit 
Theorem to any toric Kahler manifold other than 
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Theorem 1.3. Assume f e C™(M. m ), for any x e P, we have: 

{D,S hN D^ l )f{x) = S h i (f)(x) + b^N" 1 + b 2 (x)N~ 2 + ■■■ 

N Jf tit 

bj(x) are all computable functions and fei(x) = [\((M(x) — H Z )D X , D x ) + ai(0)]S h i (f)(x), 
where M(x) = diag{xi,x 2 , ...,x m }, H z is the Hessian matrix of the Kahler potential if and 
a±(z) is the scalar curvature of u. If we consider the dilate operator D p , we have, 

(D±S h ND~i 1 )f(x', x") = S h i(f x „)(x') + c 1 (x',x")N- 1 + c 2 (x',x")N~ 2 + ■■■ 

N jf at 

Here, f x "{x') means we fix the variables x" and consider f(x',x") as a function of x' , but 
Cj(x ; ,x") are all computable functions of variables of x' and x" . 

As an example, if we take our Kahler toric manifold as CP 1 , then the generalized Szasz 
analytic function S h N s (f)(x) becomes the classical Bernstein polynomial. Hence, if / is a 
smooth function on [0, oo) with compact support, then, 

E ( N k ) f(k)(^) k (l ~ = E e- x ^f(k) + b^N-' + b 2 (x)N~ 2 + ■■■ (5) 

fe=0 ^ ' k=0 

for iV large enough. In this Fubini-Study case, the Hessian matrix is H z = x(l — x) and the 
scalar curvature is a constant S = 1; thus a± = S = 1. Hence, b\ is given by \x 2 S h i (f ){x) + 

S h]3P (f)(x) = lx 2 (J2Z e- x ^f"(k)) + EZo e ~ X if( k )- Moreover, equation ©"refines the 
Poisson Limit Theorem which says that (^)(1 — jj) N ~ h (jj) k converges to e~ x x k /k\ for N 
large enough [Re] . 

As another example, if we dilate the generalized Szsaz analytic function for the unit Disc 
with the Poincare metric, see equation (|48l) . for N > 2, we have, 

fc=0 N k=0 

In this case, it's easy to compute the Hessian matrix is H z = 2(1 + 2) and the scalar curvature 

is a constant S = -1. Hence, Cl (x) = -^x 2 (EZo e ~ X if"( k )) ~ EZo^jrfik). 

In section 5, we will compute the generalized Szasz analytic function for the unit ball B m 
with the Bergman metric and for the Kepler manifolds with an incomplete Kahler metric. 
In the case of the unit ball with the Bergman metric, we will see that the generalized Szasz 
analytic function relates this Bergman metric to the negative binomial distribution in the 
same sense that the Fubini-Study metric is related to the binomial distribution [Zlj . 

Before we prove our main results, some basic properties and examples about the Kahler 
toric manifolds are given in section 2. 

2. Kahler toric manifolds 

In this section, we will give the definition of the noncompact complete Kahler toric mani- 
fold, discuss several basic properties and give two examples. Through the article, we use the 
following definition: 
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Definition: A complex m-dimensional Kahler toric manifold is a complete Kahler manifold 
(M,u) equipped with an effective Hamiltonian holomorphic real torus T m = M m /27rZ m 
action and with a corresponding moment map /x : M — > MJ 71 . 

As we can see from this definition, the study of the Kahler toric manifolds involves both the 
complex and symplectic structures. This definition is different from the one in the algebraic 
or complex geometry |Boj : 

Definition: An algebro-geometric toric variety is a (normal) irreducible variety X equipped 
with an algebraic torus (C*)' m action and containing (C*) m as an open dense orbit. 

Regarding these two definitions, if the T m action on the Kahler toric manifold (M,ui) 
doesn't extend to a (C*) m action, then by the second definition, M is not an algebro- 
geometric toric variety. For example, in the Kahler toric world, the complex plane C equipped 
with the Euclidean metric and the unit disc equipped with the Bergman metric are both 
noncompact complete Kahler toric manifolds. But the unit disc is not an algebro-geometric 
toric variety since it is not invariant under the C* action. 

Next, let's recall some fundamental properties of Kahler toric manifolds [Alt IA2[ [G| IZlj . 
Let (M, oS) be a complete toric Kahler manifold. Since the Kahler form w = ddcp (locally) 
is invariant under the real T m action, then the Kahler potential <p must be in the form of 
<p(z) = F(\z\ 2 ), where F is a strictly convex function on M. m because of the positivity of lo. 
From now on, let's write z = e^ +ld , then: 

l_b_uj = d—^- (6) 
9b j dp 



j 



where are generators of the T m action. Hence, by the definition, the moment map 
fi : M — > M m with respect to u and T m action is given by: 

fi( Zl , z m ) = VM?) = V P F(e p \ e*»), (7) 

The image of the moment map is called the moment polytope (compact) or moment poly- 
hedral set (noncompact). 

In the compact case, Delzant's Theorem [Del] says that the moment image of a compact 
symplectic toric manifold is a Delzant polytope, and every Delzant polytope is the moment 
image of a compact symplectic toric manifold. Moreover, two symplectic toric manifolds 
with the same Delzant polytope are equivariantly symplectomorphic. Here, the Delzant's 
polytope or polyhedral set is defined by: 

P = {xe (W 71 )* | (x, Vi) < Xt, 1 < i < d} (8) 

where d is the number of facets, vi, vj, G Z m is a set of primitive outward-pointing normal 
vectors to the facets and (IR m )* is the dual of M m , see |CdS] (p. 175-177) for more details. 

In the noncompact case, if (M, u) is a noncompact complete Kahler toric manifold with 
a proper moment map /i, then the moment image is also a convex polyhedral set P (non- 
compact) defined by (JB]). Here, a map is proper if the preimage of every compact set is 
compact. This properness is assumed through the article, otherwise, the moment image may 
be not convex [Pj. Furthermore, we can construct some noncompact complete Kahler toric 
manifolds from some special polyhedral sets following Delzant's construction [CdSl [Del] . We 
will give an example in subsection 12.1.11 to see how it works. 
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Finally, the symplectic potential u associated to the Kahler potential is defined to be the 
Legendre dual of the Kahler potential (p: 

u(x!, ...,x m ) = (x,p) - ip(p), x = V p ip (9) 

Regarding this symplectic potential, see Theorem 2.8 in |A2j . we have : 

d 

u(x) = ti{x)log£i(x) + h(x) (10) 
i=i 

where ii = \ — (x,Vi), h G C°°(P) and u is smooth on the interior of P. Moreover, 
G=Hess x ('u) is positive definite on the interior of P. 

2.1. Examples. In this section, we will study some examples about the noncompact toric 
manifolds. They come in three types: the total spaces of line bundle over some compact 
toric manifolds; the toric Sasaki-Kahler manifolds which is a metric cone over some odd 
dimensional Riemannian manifolds and the Reinhardt domains. 

2.1.1. O(-k) — > CP 1 . Before we study the general case, let's consider O(-l) — > CP 1 first. 
This space is a Kahler toric manifold constructed by blowing-up one point over C 2 . More 
toric geometrical facts are given in [Bo} UNOVj and also studied in |Lej by the method of 
symplectic cuts. First, we claim that: 0(—l) — > CP 1 can be constructed by Delzant's 
method from the polyhedral set: 

{(x, y) e R 2 \x > 0, y > 0, x + y > 1} 

Proof. Delzant's construction for the compact case can be found in |CdS] (p. 24-30), in our 
proof, we will use the same notations as hers. In Delzant's setting, n = 2, d = 3, and 
V\ = (—1,0), t> 2 = (0,-1), v 3 = (—1,-1) are standard outward-pointing vectors, then we 
can describe the above polyhedral set as (x,Vi) < Aj, where Ai = A 2 = and A 3 = —1. Now 
make the following projection: 

Ti : R 3 — > R 2 (11) 

which is defined by 7r(ej) = Vi, where e« are standard basis of R 3 . Then the kernel of 7r is 
spanned by e\ + e 2 — e 3 . Furthermore, n induces a map T 3 — >• T 2 . If we denote N as the 
kernel of this induced map, then can be described by (e l9 , e ld , e~ ld ). Denote by n the Lie 
algebra of N, then we have the following exact sequence: 

0->twR 3 ^>R 2 ->0 
where i(x) = (x,x,—x), ir(x,y,z) = (—x — z,—y — z). Then we have the dual exact sequence: 

-> (R 2 )* ^ (R 3 )* ^ n* -> 

By a simple computation, we have i*(x, y,z) = x + y — z. Denote by p the moment map for 
the natural Hamiltonian T 3 action on C 3 , i.e., 

jU: c 3 — > (R 3 )*, ( Zl ,z 2 ,z 3 ) -> ( — | | 2 , — | ^ 2 1 2 , — | ^ 3 1 2 — 1) 

In addition, the subtorus = (e l9 , e 10 , e~ 10 ) C T 3 also acts on C 3 in a natural way: 

(e w , e w , e~ ie ) ■ (z u z 2 , z 3 ) = (e i9 z u e w z 2 , e~ l6 z 3 ) 
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In fact, this action is the restriction of T 3 action and is Hamiltonian with the moment map: 

(i* ofi)(z 1 , z 2 ,z 3 ) = -|2i| 2 - \z 2 \ 2 + \z 3 \ 2 + 1 
Then the zero-level set of this moment map is: 

(f o fi)-\0) = {( Zl , z 2l z 3 ) e C 3 : \ Zl \ 2 + \z 2 \ 2 - \z 3 \ 2 = 1} 
Hence the reduced space is : 

which completes the proof. For the last equality, see [Bo] (p.49) for more details. □ 

2.1.2. Toric Sasaki-Kahler manifolds. Let (M, g) be a real (2m — l)-dimensional Riemannian 
manifold, M is called Sasaki-Kahler if the cone (M x R + , ds 2 ) is a noncompact complex 
m-dimensional Kahler manifold, here ds 2 = dr 2 + r 2 g and ds 2 is incomplete at r = 0. In 
particular, M is called toric Sasaki-Kahler if M x R + is a toric Kahler manifold, M is called 
Sasaki-Einstein if ds 2 is a Ricci-flat Kahler metric. 

As an example, consider the Conifold X which is a complex 3-dimensional affine variety 
defined by a single equation in C 4 : 

Z\Z 2 — Z 3 Z/± = 

By Delzant's method again, X can be constructed by four lattice vectors in Z 3 : 

«! = (1,1,1) ,V 2 = (1,0,1), ^3 = (0,1,1) =(0,0,1) 

If we take m = (0, 0, 1), then these four lattice vectors are in the same hyperplane (i>j, m) = 1, 
hence X is toric Calabi-Yau variety [Boj . One interesting fact about X is that: X is a cone 
of the Sasaki-Einstein manifold (S 2 x S 3 ,g), g is a homogeneous metric defined by [COj: 

1 1 
g = -{d6 2 + sin 2 6id^>\ + d6 2 + sin 2 9 2 difl) + - (dtp + cos^g^! + cos9 2 dip 2 ) 2 

£ o 

Here 0j, (pi, i — 1, 2, are usual polar and axial coordinates on two round two-spheres, and ^ 
is a coordinate on a principle U(l) bundle over S 2 x S* 2 . Here ip has period 47r so that the 
Chern numbers over the two two-spheres are both equal to one. Then the Kahler form on 
X is [MS] : 

= -r 2 (sin^id^i A d<^?i + sin9 2 d9 2 A rf(^ 2 ) — rdr A (dtp + cos#icZ<^i + cos 9 2 dip 2 ) 

Defining 2v = tp, so that v has period 2ir, then we have the following basis for T 3 action: 

did did d 

6l dipi 2 dv ' 62 d(p 2 2du ' 63 dv 
Then the corresponding moment map is: 

(1 1 

H= [ -r 2 (cos9 1 + l),-r 2 (cos# 2 + l),r 2 

Now, let's change variables, X can be rewritten as: 

z\ + z 2 + zl + zl = 

Hence, X — {0} will be a 3-dimensional Kepler manifold, we will consider the generalized 
Szasz analytic function for this Conifold X in the subsection | 
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2.1.3. Reinhardt Domains. Let's recall that an open set X C C m is a Reinhardt domain if 
(zi, ...,z m ) G X implies that {e l z\, ...,e t6rn z m ) G X, i.e., it's closed under the natural torus 
T m action. 

Now claim: any bounded pseudoconvex Reinhardt domains with C 1 -smooth boundary is 
a Kahler toric manifold. First, for any bounded domain in C m , there exists a canonical 
Kahler metric: the Bergman metric ips- Moreover, is invariant under any holomorphic 
automorphism. Hence, for any bounded pseudoconvex Reinhardt domain, ips is invariant 
under T m action, i.e., ip B (zi, z m ) = (p B {\zi\ 2 , |z m | 2 ). In addition, ip B is complete for 



in 



any pseudoconvex domain with C 1 -smooth boundary [DOj . Thus by equation this T 
action is actually Hamiltonian with the moment map fi(zi, z m ) = V p (Pb{z)- At last, T 
acts on X by multiplication, thus this action is effective. Hence, the claims follows by the 
definition of Kahler toric manifolds. 

Now, let's consider the Reinhardt domain Q p = {(z,w) G C 2 ||z| 2 + \w\ 2p < l,p > 1}. This 
domain is a bounded pseudoconvex Reinhardt domain with the complete Bergman metric, 
hence fl p has a toric structure. Regarding this domain, we claim: the polyhedral set for the 



{(x,y) G R 2 \x > 0,- > 0} 
V 



Kahler toric manifold Q p is: 



In fact, this is a "labeled polyhedral set" |LSj . 

Proof. We have to pick up any invariant complete Kahler metric over Q p and compute the 
corresponding symplectic potential it, then the facets of the polyhedral set can be seen 
because of identity ( ITUl) . In fact, we can choose the complete Kahler metric defined by the 
defining function: 

ip p = -log{\ - \z\ 2 - \w\ 2p ) (12) 

when p > 1, ddip p is a well-defined Kahler metric over Q p , see |CY] (p.509) for details and 
more general cases. Then the moment map is: 

fi(z,w) 

In addition, the symplectic potential given by the Legendre dual of tp p is: 

u(x, y) = xlogx + -log- — (1 + x + -)log(l + x H — ) (13) 
p p p p 





z\ 


2 


1 - 


z 


2 




W 


2p 



p\w 


2p 


1 - 


z 


2 . 




W 


2p 



V 



Then two facets of the moment polyhedral set are given by £i(x,y) = x and £2{x,y) 
Thus, the moment polyhedral set must be {(x, y) G ~R 2 \x > 0, | > 0}, since it's the image of 
the moment map fi(z,w) > 0. □ 

Once we get the moment polyhedral set, we can construct special metrics on Q p by con- 
structing some symplectic potentials. In fact, (Q p , dd(f p ) is a Kahler manifold of constant 
scalar curvature for all p, where (f p is defined by equation ( fT2i) . To show this, let's compute 
the inverse of the Hessian matrix of the symplectic potential u ( ITBl) : 

G -i _ f (l + x)x xy 

xy (p + y)y 
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Now, let's recall that the scalar curvature of a Kahler toric metric can be given in terms of 
the corresponding symplectic potential u: 

where u l i is the matrix G^ 1 . This is the main result in |Alj . and it will be automatically 
valid for noncompact Kahler toric manifolds since the scalar curvature is a local property. 
Hence, using this formula, we have: S = —6. 

3. Bargmann-Fock space and Classical Szasz Analytic Functions 

In this section, we will relate the classical Szasz analytic function with the Bargmann-Fock 
space. The Bargmann-Fock space is the space of entire functions on C m which are L 2 integral 
with respect to the Bargmann- Fock metric, i.e., H 2 (C m , ^- m e~ N \ z \ 2 dzdz). This space is a 
Hilbert space and it has a basis {z a } with a G = {(ai, ...,a n ) G Z m , atj > for all j}. 
Since 

|b*||2 = f z a z a e- N ^\- m dzdz = Ar \. , / z a z a e-^\- m dzdz = , (15) 

So 



is a orthonormal basis of 7i 2 (C m , ir~ m e~ N \ z \ 2 dzdz) . Now we can express the classical Szasz 
function in terms of Bergman kernel for the Bargmann-Fock space. 

Lemma 3.1. Iff G C^°(M™) and Sjv(/)0e) is the classical Szasz analytic function (fjp. Then, 
^n{J){x) - B , > Z^aez™ JKn) pp: ' (16) 

h BF h'^ p 

where ^bf(z) = \z\ 2 is the moment map, B h N^(z, z) is the Bergman kernel for the Bargmann- 
Fock space, x = fi BF (z) = \z\ 2 , ubf(%) = xlogx — x is the symplectic potential over the 
orthant R™ = {(xi, x m ) G R m ,Xj > for allj}. 

Proof. First, by identity (1231) below, we have the Bergman kernel on the diagonal: 

<~\2a |_|2a 00 |_|2a 

_wl.|2 \Z\ _)VU|2 \Z\ -N\z\ 2 



aeZ™ 11 n ^s F aeZ™ AT"»+I=I n=0 | a |=n Ar™+I«l 

I 2d A T I CK I A 7" 71 I I 71 

= N m e -N\zf ^ ^ , = N m e~ Nlzl2 — = ^ m (17) 

n=0 |a|=n ^ n=0 ^' 

In the Bargmann-Fock case, the Kahler potential is: 

(p( z ) = \z\ 2 = e p , z = e* +ie (18) 
Hence, by equationfJTJ), the moment map is given by: 

Hbf{zu ■ ■ ■ , *w) = (|^i| 2 , • • • , \z m \ 2 ) (19) 
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In addition, the symplectic potential given by the Legendre transform of <p(z) = \z\ is: 

m m 

E x J ,, ^ x i ~ E ( 2 °) 



m m 

u{x) = 

3=1 3=1 

Combining equations f|T5l) . (ITT)) and (120]) . we have: 



1 a ^ e N{u BF {x)+(% - x ,Vu BF (x))) 



Bi n (z,z) ^ y N J \\z a \\l 

BF ' ' aPZ" 1 11 11 h 



N 
BF 



AT . m \- ,,ou e Nx (Nx) a Nx x - (iVx) a a 



□ 



Remark 3.2. In mew of the moment map / TiPj) . z£ zs easy to see tnat tne moment polyhedral 
set for the Kahler toric manifold C m with Euclidean metric is the orthant M.™. 

We now prove a special case of Proposition 11.11 for the classical Szasz analytic function : 

Lemma 3.3. With the same notations as above, 

1 



BF 

where Dq = (j^, • • • , j^f - ) ' {? M~> ^ = 1, . . . , m} are generators of T m action over C m . 

Proof. The key to the proof is to get the Bergman kernel off the diagonal, by identity (1231) 
again, in our Bargmann-Fock case, 

n BF y ' ' / LZ a 4 

Q gZ™ 11 11 h% F aeZ™ jV m +H 

then the lemma follows by Spectral theorem ( l24j) and the fact that B h N^(z, z) = N m . □ 

Remark 3.4. Once we have Lemmas \3.1\ and \3.3\ which relate the classical Szasz analytic 
functions to (C m ,dz A dz), we can generalize this relation to any noncompact Kahler toric 
manifold (M,oj), hence Definition^ is given immediately. Under this new definition, the 
classical Szasz analytic function SnW){x) is denoted as S h N (f)(x). 

3.1. Application: Dedekind-Riemann sums over M™. In this section, we will first get 
a nice complete asymptotic of the classical Szasz analytic functions. Then if we integrate 
this complete asymptotics, we will get the Dedekind-Riemann sums over the orthant M™. 

LEMMA 3.5. For any f E C™(W?), we have: 



c 

BF a\ N n\ i ox 

a=0 n=0 

where a G Z+, P(x) = ^2jL 2 m^iji and P n ( x ) means the nth power of P(x). 
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Proof. First by Fourier Transform, we can rewrite ( 12TT) as: 

SF Jr™ 

where F(a;) = x. Hence, use the Taylor expansion and Spectral theorem, we have: 
S h »,(f) = f /(O^^W'-l-n = / /(£) e <**>e"[< 



2! ^ 3! 



= / /(£)e<-v^ = E ^ / /(o^^co = E ^ pn < 

>/R m n=0 n - JR m n=Q m 1 ox 

where we have already used the fact x = fi(z) = \z\ 2 . □ 
Theorem 3.6. Assume f is a smooth function with compact support on W?, then: 



N' 



where dx is Lebesgue measure. Furthermore, we can simplify the second term to be: 

xf^ 2 \x)dx — — — - [ f{x)dx 



2N y R m w 2iV„ 
Proof. Let's integrate on both sides of Proposition 13.51 by a simple computation, we have: 



^ e /£)= / ^e^/(>x= / f:^p n (-^)f(x)dx 



Hence, the complete asymptotics follows since we can expand P n {\-§^) by iteration. The 
first three terms in the theorem are given if we compute P n (\£) up to n=2. □ 

4. Generalized Szasz Analytic Expansion for any Kahler toric manifold 

In this section, we will first recall some basic properties about the Bergman kernel and 
then prove its complete asymptotics for the noncompact Kahler manifolds. Then we will 
prove Theorems 11.21 and 11.31 in the introduction. 

4.1. Bergman kernel. Let's review the Bergman kernel on the compact Kahler manifolds 
first (see |Lu[ ISZ[ IZlj |Z2] ) and generalize it naturally to the noncompact case. 

Let L — > M be a positive holomorphic line bundle over a compact complex manifold. 
This means there exists a smooth Hermitian metric h on L with positive curvature form 
Ric(h) = —ddlog\\eL\\hi where cl is a local holomorphic frame of L over an open set U C M, 
and ||ex,||^ = h{e,L,ei) denotes the /i-norm of cl- The metric h induces a Hermitian metric 
h N on L N by Hef^H^jv = ||ei,||^. Furthermore, we can give M a Kahler form u = y ^Ric(h) 
and the induced volume form uj m = uo m /m\. If we write He^U^ = e _v3 locally, then we have 
the following two identities 

||JStf||2 - \\ Pt \\ 2N - P ~ N f 
\\ e L \\h N — \\ e L\\h — e 



SZASZ ANALYTIC FUNCTIONS AND NONCOMPACT KAHLER TORIC MANIFOLDS 11 

Let H°(M, L N ) be the weighted space of all L 2 global holomorphic sections of the line bundle 
L N . This means for each local frame of L , we can write each section of H°(M,L N ) as 
s = /ef , where / is a holomorphic function. Furthermore, s satisfies: 

\\41n= [ \f\ 2 e- N *u m < oo 

JM 

Thus H°(M, L ) will be a Hilbert space with the natural inner product induced by h . 

(si,s 2 ) h »= f h N ( Sl ,s 2 )Lu m = [ hf 2 e- N ^ m (22) 

JM JM 

where s, = f\ef N , s 2 = f 2 ef N e H°(M, L N ). 

We now define the Bergman kernels as the orthogonal projection from the L 2 integral 
sections to the holomorphic sections, i.e., B h N : L 2 (M, L N ) — > H°(M, L N ). Furthermore, if 
{s^} -^ is an orthonormal basis of H°(M, L N ), then: 

B h ?(z,w) = Y,Sj(z)®*?W (23) 
i=i 

where d N =dim H°(M,L N ). 

When we consider noncompact Kahler manifolds, denote H^ 2 {M, L ) as the weighted 
space of all L 2 global holomorphic sections of the line bundle L , then H^ 2 {M, L ) becomes 
an infinite Hilbert space, there are infinite orthogonal basis {sj r }JL 1 . But we can still define 
the Bergman kernel as the orthogonal projection i.e., B h N : L 2 (M, L ) — > H® 2 {M, L ). 

Now let's turn to the proof of Proposition 1 1.11 

Proof. The monomials {z a } with a G Z m fl P form a basis of H°JM. L N ) \IN(W\ IF], thus 
we have the Bergman Kernel off the diagonal by identity ( 1231) : 

By Spectral theorem, we have the general formula for any smooth function ip: 

e^-'^^uj) \ e=Q = ^{e^uj) (24) 
Then by this formula and the fact that tp(z) = F(\z\ 2 ), we have: 

p i(N- 1 a£)\„a\2 p -NF(\z\ 2 ) 

e '«."-'"«>B»»(e»,,,)i„= y. - — npqr (25) 

aeZTLP " " hN 

Next, given / G C 00 ^" 1 ), we can define f{Dg) by Fourier transformation: 

f{D e ) = [ f&e^dt 
Now apply f(N~ 1 D e ) on both sides of ([25]): 

/(iV- 1 J D e ) J B, J v(e i ^,^)| e= o= / f(Oe l{ t' N - lDe) B hN (e* e z,z)\ e= odZ (26) 
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1^*12 e -NF(\z\ 2 ) /* \ z a\2-NF{\z\ 2 ) 

E JV(u(*)+(^-a ! ,Vu( !B ))) 
K N J \\z a \\l N 

In the next to the last equality, we have to plug in formula (Q. Hence, the proposition 
follows by dividing B h N(z,z) . □ 

4.2. Complete asymptotics of Bergman kernel for noncompact Kahler manifolds. 

Now, let's consider the complete asymptotics of Bergman kernel for any noncompact Kahler 
manifold. In the compact case, the classical result is Tian-Yau-Zelditch Theorem |Lul IT] |Z2] . 
A very nice proof is given in [BBS] . For the noncompact case, we have: 

Theorem 4.1. Let (M,u) be a complex m- dimensional noncompact complete Kahler man- 
ifold, and let (L, h) — > (M, u) be a positive Hermitian holomorphic line bundle. Let g be a 
Kahler metric on M corresponding to the Kahler form uj = Ric(h). If there exists 7 > 0, 
such that Ric(h) > —^Ric(g), then on any compact subset K C M, we have: 

00 

B hN (z, z)=Y, \\sf{z)f hN = N m {l + a x {z)N- x + a 2 (z)N- 2 + ■■■) (27) 

i=0 

where aj(z) are smooth on K and a±(z) is the scalar curvature of uj. 

In particular, for the Kahler toric manifold with the Kahler potential F{\z\ 2 ) , we have: 

B hN (z,w) = e^^HWM^+nM 2 )))^^) modN-oo ( 28 ) 

where F(z-w) is the almost analytic extension of F(\z\ 2 ) and An(z,w) = N m (l+ai(z, w)N~ 1 + 
■ ■ ■ ) a semi- classical symbol of order m. 

Sketch of the proof: The proof follows the one in [BBSj with a few modifications. We fix 
our small coordinate neighborhood to be the unit ball B of C m , u is a holomorphic function 
on B, we can define the local expression of the norm of a section of L N over B as: 

II ||2 / 1 |2 -Nip 

\\ U \\hK,loc = / \ U \ e 

Jb 

In [BBS] , they first have their Proposition 2.7: there exists a local asymptotic Bergman 
kernel: 

B h*,ioc = Nm i l + o. x {z, w)N~ l + ... + a k (z, w)N~ k ) (29) 

where aj(z,w) are defined in a fixed neighborhood of z explicitly given and a±(z,z) is the 
scalar curvature of uj, such that: 

u(x) = ( X u,B k hNloc ) hN>loc + 0(N- k )\\u\\ hNiloc (30) 

where x is a smooth function supported in the unit ball B and equal to one on the ball 
of radius 1/2. Since this estimate is a local property, it will be automatically true for the 
noncompact Kahler manifold. 

Next, globally, they show that there exists a uniform 5 > 0, whenever d(z, w) < 6: 

B hN (z,w) = B k hN ,Jz,w) + 0(N m - k - 1 ) (31) 
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This means the difference between the local Bergman kernel and the global one is up to a 
small error term. Now, in our noncompact case, if we can prove (fSTj) for any fixed compact 
subset K, then Theorem 14.11 follows if we combine (!29j) and (|3T|) and let z = w. In order 
to prove this, now choose X as the cut-off function equal to 1 in a neighborhood of z which 
is large enough to contain w, let's apply (130]) to u — B h N(z,w), then we have the reminder 
(^(iV - ^" 1 )!!!?^!!. Furthermore, if we use the well-known estimate B h N < CN m , we have: 

B hN (z, w) = ( X B hN , B k hN loc ) hN + OiN™-*- 1 ) (32) 

Next let's estimate 

v N (z,w) = xB%n(z,w) - (xB* N ,B hN ) h N 

Since the inner product is the Bergman projection, vn{z,w) will be the L 2 -minimal solu- 
tion to the (^-equation 8un = d(xBf lN )- Because of the curvature assumption Ric(h) > 
— / ~fRic(uj), we can apply the Homander L 2 -d estimate [De] (Theorem 5.1). Then we have 
||uat(z, w) \\\ n < 0(k~°°). Then by Cauchy integral formula in a ball around z of radius 
1/iV 1 / 2 , we have the pointwise estimate \un(z,w)\ 2 < 0(k~°°). Then, ([ST]) follows this es- 
timate and identity (I32p . Thus, the Theorem 14.11 follows. Note that, in our modifications, 
we have to restrict the Bergman kernel to any compact subset to ensure the existence the 
uniform 5 and we also need the curvature assumption to ensure Homander L 2 -d estimate. 
More details about the Kahler toric case can be found in jSZj . 

Now let's turn to the proof of Theorem 11.21 
Proof. First, recall equation (I26p . if we use the general formula (T2~4"]) . we have: 

AW(*)= / f(^' N ~ lDe) B hN (e ie z,z)\e^dC= [ f(0B hN (z,ze lN ^) 
Next, let's plug in identity fl28l) . we have: 

N h Nf(x)= [ /(Oe 7V ^ eliV " 1 ^l 2 )- F ^l 2 ))^(^,^ Ar - 1 «) (33) 

Next, note that: 

F{e lN ~^\z\ 2 ) - F{\z\ 2 ) = f ^F(e UN ~^\z\ 2 )dt = iN' 1 Av^e^^U) dt 

Jo dt Jq 

= iN^{V p F{eP)^) - N~ 2 f\t - ifVlFi^-^^iif^dtiN-^^z)^) = 

Jo 

+ l -{iN) 2 V 2 p {F{e?)){it) 2 + 0(N~ 3 ) = iN- 1 ^),® - l -N~ 2 (H z ^t) + 0{N^) (34) 
Hence, 

M hN f(x)= [ /(0e i ^^e-^ 1 <^ +o ^ 9 U JV (2,«e w " 1 «) (35) 
Jm. m 

By Taylor expansion, we have: 

e -iN-HH z ^) + o(N-^) = l _ l N -i( Hg £ 7 $ + (N- 2 ) (36) 

2 
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Now combine equations (1351) and (136)) . if we plug in the asymptotics of A N (z,ze lN in 
Theorem 14. II and the fact that fi(z) = x, then by Fourier transformation, we have: 

M hN f{x) = N m f(x) + N m - 1 [-^(H z D x ,D x )f(x) + a 1 (z,z)f(x)]+0(N m - 2 ) (37) 
where 

H z = V 2 Me»)), z = e^ e (38) 

is the Hessian of the Kahler potential. Since f{x) has compact support K, because of the 
properness of the moment map /i, /i _1 (i^) C M will be a compact set, hence, we can divide 
(157)) by the complete asymptotics of B h N(z,z) in Theorem 14.11 then the theorem follows 
directly. □ 

4.3. Scaling asymptotics. Let's turn to the proof of Theorem 11.31 

Proof. Now let's prove the first part of the theorem. Denote z and z such that /j,(z) = x and 
n(z) = x/N . First, regarding the Hessian matrix H z defined by ( 1381) . we claim: 

(M(x) - NH Z ) + 0(N~ 2 ) = (M(x) - H Z )N^ (39) 

To prove this identity, first by definitions, we have: x/N = fi(z) = V p ((f(e p )) = tp'(\z\ 2 )\z\ 2 
and x = fi(z) = ip' (\z\ 2 )\z\ 2 . For any fixed x, x/N will be contained in a compact subset 
K C P for all N, hence /x _1 (i^) is a compact subset of M because of the properness of y^, 
which implies that 9?'(|z| 2 ) and <//(|z| 2 ) are uniformly bounded, hence, 

\z\ 2 = 0(N~ 1 ), \z\ A = N 2 \z\ 4 + OiN' 1 ) 

In addition, in view of ([38]), we have H z = tp"(e p )e 2p + <p'{e p )e p = if"{\z\ 2 )\z\ A + M(jjl(z)). 
Since fi(z) = x/N and fi{z) = x, then M(x) - H z = -if"(\z\ 2 )\z\ 4 and M(x) - NH Z = 
— Nip"(\z\ 2 )\z\ 4 . Thus our claim is equivalent to: 

V /'{\z\ 2 )\z\ A = N 2 V /'(\z\ 2 )\z\ A + 0(N- 1 ) 

In fact, this is the Taylor expansion of (p"(\z\ 2 ) at \z\ 2 : (p"(\z\ 2 )\z\ 4 = ip" (\z\ 2 )\z\ 4 + 0(\z\ 2 ) = 
p"{\z\ 2 )N 2 \z\ A + OiN- 1 ). In this last equality, we use the fact |z| 4 = N 2 \z\ A + 0(N~ l ). 
Next, let's denote /^(x) = D N f(x). Then: 

Di_S h ND N f(x) = Di_S h Nf N (x) 
= Z^[(/ Km S(£)^ (F(e ^ 

Use the fact f^ = N~ m f(£/N) and change variables to t] = £/N to get: 

Now do the final dilation to get: 
= [( / /(^ (F(e ^ 

(40) 
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By Taylor expansion, we have: j| • e" 7 = + • %r\ — (M( 77) /2 + 0(N~ 2 ), then we can 
rewrite ( J34l) as: 

- F{\^\^)\ 2 ) = (e 1 " - 1) • jj + <[M(£) - ^]77, 77>/2 + 0(iV" 3 ) (41) 
Combine (|4"uT) and (|4ip . we have: 

(DiS h ?D?)f(x)= [ H V )e^ v - 1 > x A N Cz,~ze^)/B hN (~z,~z)d V (42) 
N N Jr™ 

where A N = A N ■ e ((M^)-NH 2 ) v ,r,)/2+o(N- 2 ) _ If we plug in claim §M) and asymptotics of A N , 
we have: A N = N m (l + ai {z, ze^N' 1 + ■■■)■ e <( M M-^)rM>/2Ar+o(;v- 2 )_ Jf wg uge thg Taylor 
expansion of a 1 (z,ze tv ) and e (( M ( x )- H z)v,v)/2N+o(N ) a ^ g simultaneously, and plug in the 
asymptotics of B h N, then A N (z, ze ir >) / B h N(z, z) = 1 + [((M(x) - H z )r], 77) /2 + ai(0)]JV -1 + 
0(N~ 2 ). Hence, combine this identity and equation (1421) . the first term of the complete 
asymptotic expansion of (Di_S h ND~^)f(x) is given by: 

00 a 

\a\=0 

And the second term which is the coefficient of iV _1 is given by: 

h(x) = [ f{r,)e^-%(M(x)-H M )r,,r,)/^ai(0)]dr, = [U(M(x)-H z )D x , D x )+ ai (0)]S h]3F (f)(x) 

which completes the proof. 

For the second part, we have to use the notation of Slice coordinates |SoZj . Assume {Fj}™^ 
are all facets which have a common vertex at 0. Let F = C\ k =l Fj be a (m — fc)-dimensional 
(open) face. Then by angle-action coordinates, we can split the torus action into two parts 
T m = T k x T m - fe , where T k is the stabilizer at /i _1 (F). And we can split all coordinates into 
two parts corresponding to T k and T m ~ k action. First, we can split z = (z , z ) G C k x C m ~ fe 
where (0, z ) is a local coordinate of the submanifold /i _1 (-F), where F is the closure of F. In 
addition, we have fi(z) = (/i {z),fi (z)), and \i (z) is the moment map for the Hamiltonian 
T m_fc action on the Kahler toric submanifold with z — 0. 

First, using Taylor expansion, we have: 

F(\z\ 2 ) = F(\z'\ 2 , \z"\ 2 ) = F(0, |/| 2 ) + F'(0, \z"\ 2 )\z'\ 2 + 0(\z'\ A ) 

where F' is the ^'-derivative of F. If denote fj,(z) = (x'/N, x"), then it's easy to see that 
\z \ 2 = 0(A r_1 ). Now denote q = (rj, £/AQ, then by the similar argument as the one to get 
(|4"U|) . we have: 

(D ± S hN £)l 1 )f(x',x")= [ /(:e ) i7)e w ^l«l^*l'»^(z ) ^)/S^(^«e fc )dedi7 (43) 

First, use the fact that (/ (z) is the moment map for the Hamiltonian T m ~ k action on the 
Kahler toric submanifold with z = 0, we have, 

F(0,|/| 2 )-F(0,e^|/| 2 )=ziV- 1 (/(,),e) + O(iV- 2 ) 
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Second, use the Taylor expansion, 

F'(0, e w-1 V| W| 2 " ^'(0, \z"?)\A 2 = At'OX^ - 1) + 0(N~ 2 ) 
Plug these two equations to (j4"5|) and plug in the asymptotics of A^/B^, we have: 

N J R m 



oo i a 

x „, a 



= e ~ X E ^i'*") +0(iV- 1 ) = S hhF (f x „)(x') + 0(N- 1 ) 

\a\=0 

Follow this step, if we expand more terms in (D j_S h N D~^) / (x' , x"), we will get the complete 
asymptotics. 

□ 

5. Examples of generalized Szasz analytic functions 

5.1. B m with the Bergman metric. In this subsection, we will compute the generalized 
Szasz analytic functions for B m with the Bergman metric. We will see that this generalized 
function is related to the negative Binomial or Pascal distribution. 
In this case, the Kahler potential is given by: 

<p( z ) = -Mi - M 2 ) = <p(p) = -Mi - eP ) 

where \z\ 2 = \zi\ 2 + h \z m \ 2 < 1. 

So the moment map is: 

/^i, z m ) = VMP) = (t^Aj, ■ • • , ( 44 ) 

1 — \z\ z 1 — \z\ z 

Furthermore, denote = Y2T=i x j an< ^ x j > 0' then we have the sympletic potential: 



u(x) = Xjlogxj — (1 + ||x||)/og(l + ||x||) (45) 
3=1 

First, we have the Bergman kernel for the Fubini-Study metric |Zlj : 



BhN ^ w) ~ -Hv^Vi + NVi + i"^ 



Since S m is dual to CP m as a symmetric space in the sense of S. Helgason [H], its Bergman 
kernel should replace the term 1 + \ z\ 2 in B h N s by 1 — |^| 2 - Furthermore, the hyperplane line 
bundle 0(1) — > CP m carries a natural Fubini-Study metric which makes it to be positive. 
Hence the canonical bundle of CP m which is isomorphic to 0(—m — 1) will be negative 
and the tangent bundle will be positive when they are equipped with the metric induced by 
Fubini-Study metric. By the duality again, the reverse is true on B m . Hence, we also need 
to change the sign of the exponent: 
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On the diagonal we have 

(N + m)\ , . 

B hN (z,z)= y m } (46) 

Now let's compute the generalized Szasz analytic functions for the unit disc, the same con- 
clusion should be valid for general cases. In the unit disc case, the orthonormal basis of 
is: 

= \jM^h z1 ' ^°- Nt2} (47) 

Hence, if we plug (Hoi) into to the definition of S h N(f)(x), we have: 
Now plug in B hN (z, z) (ggj) and H^'H^ © to get: 



i=o • y ' 



where (N)j = N(N + 1) ■ ■ ■ (N+j — 1). Hence, in view of Theorem II. 21 we have the following 
estimate : 

(1 + x)~ N YlWif&Pf- - /(*), as N > oo 

7=0 J ' 

Next, we will see that our generalized Szasz analytic expansion relates the Bergman metric 
of B m with the negative binomial or Pascal distribution in the same sense that the Bernstein 
polynomial is related to the binomial distribution. Let's recall that the Pascal distribution 
X is the probability distribution of failures before the first success in a series of independent 
and identically distributed Bernoulli trials. Denote q = 1 — p, then for any integer j > N, 
P(X = j) is the probability of the event that there are exact N — 1 successful trials among 
X±, X2, ■ ■ ■ , Xj~i and Xj is successful trial. Hence 

P(X = j)=(l~\)p N qi- N , j = N,N+l,N + 2... 



Theorem 5.1. If f(x) is continuous with compact support on [0,oo), then we have: 

ShN (f)(x)=E(f(^)) + 0(±) (49) 
where X is Pascal distribution and the probability of the successful trial is p = j^—. 



Proof. Note that if the random variable £ has the distribution F(x) and g(x) is any Borel 
measurable function, then we have the identity: Eg(£) = g(x)dF(x). Hence, 



CO 
OO ' 

*(/(£)) -Y.4)^:^^t4i N+ N-\ y 



j>N v ' j=0 
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In the last step, we plug in p = -pj— and q = Hence, the theorem follows if we combine 
this with equation (1481) . □ 

5.2. Kepler manifolds with incomplete metrics. In this subsection, we will see that 
Theorem 11.21 is also valid for some incomplete toric Kahler manifolds (maybe have singu- 
larities), the examples are the complex 1,2 and 3-dimensional Kepler manifolds |GLl IRaj . 
The Kepler manifold is a complex m-dimensional symplectic manifold (M, to) , where M = 
T*S m \ is the cotangent bundle to the real m-dimensional sphere minus its zero section 
endowed with the standard symplectic form to. This may further be identified with: 

M = {(e,t) G W m+1 x R m+1 \ (e,e) = 1, (t,e) = 0,t ^ 0} 

where the inner product is the standard scalar product on M m+1 . If we introduce z = 
\t\e + it e C m+1 , then the Kepler manifold is identified to the isotropic cone: 

C m = {ze C m+1 | z ■ z = z\ + • • • + z 2 m+1 = 0, z ± 0} C C m+1 

In addition, the symplectic form u is indeed an incomplete Kahler form: 

lu = ^dd\t\ 

with Kahler potential cp — \t\ — y/ zz/2 = ^e p / 2 . Denote L as the holomorphic line bundle 
over M such that the first Chern class c\(L) = to, then the Bergman kernel is given by: 



oo 



(j + m-2)! (N\t\) 2 i 

1 

3=0 



B hN (z, z) = yn-^e-^W V "7 Z< V 7 (50) 
h v ' ; (2j + m-2)! j\ v ; 



where {z J }j*L is a basis of H^ 2 (M, L N ). In [GL] . the authors compute the complete asymp- 
totic of Bergman kernel for the Kepler manifolds: 

B hN (z, z)=N m + {m ~ 2) }T~ l) N m - 1 + £ 2 i^ k N m ~ k + R N (\t\) (51) 

' ' k=2 ' ' 

where a^, k > 2 can be computed explicitely by recursive formulas and i£jv(|*|) — 0(e~ cN ) 
as m — > oo uniformly with respect to \t\ > 8 > 0. 

When m = 1, there is a natural T 1 action on C\ which maps z to e~ l0 z, i.e., in the real 
coordinate, (e, t) is mapped to (cos#e+sin6>t, cos^t-sin^le) and the Kahler potential ip = \t\ 2 
is invariant under this action. Hence, C\ is a noncompact incomplete toric Kahler manifold 
with a singularity. Note that all formula such as the moment map, symplectic potential are 
still valid for singular toric varieties [BGLj . Hence, the moment map is given by 

x = \7 pip = |i|/2 (52) 

Now, if we plug equations (150]) and (1521) into the definition of the generalized Szasz analytic 
functions, for the smooth function f(x) with compact support on [5, +oo), we have 

2Ne~ 2N * ^ j (2iVxg 

,ci (/ ) w - jvi + ^D A. ^o-yp 
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Now let's apply the complete asymptotics of Bergman kernel (j5T|) . it's easy to see that: 

, j (2Nxf 
■N } (2j)\ 



3=0 

as N — > oo. In the last estimate, we use the fact that the classical Szasz analytic function 
([1]) converges to f(x) as N — > oo. 

When m = 2, by changing variables, C2 can be rewritten as {(zi, -22, -23) G C 3 — {0}|2: 2 = 
z 2 z z}i this cone is the classical example in p. 5 in [F] and have quotient singularity at (0,0). 
The moment polytope is given by: 

{{x, y) G R 2 \x > 0, < y < 2x, (x, y) ^ (0, 0)} 
By the same computation as in C\, it's easy to see that: 

2N 2 e- 2N * ^ ff a^ {2Nxf a 
^(/X*) " N* + R N {\x\) ^ 2 f{ W~^T 

where f{x) G C£°([5, +00) 2 ), x = (3:1,2:2) and a = (01,02) is multi-index. Hence, we have 
the similar asymptotic as the one in C\. 

When m = 3, C3 can be rewritten as {(zi, £2, Z3, 24) G C 4 — {0}|zi2 2 = ^32:4} which is the 
complex 3-dimensional Conifold discussed in subsection 12.1.21 Hence, 

2iV 3 e- 2 ^ ^ 2j + 2 a (Wx)** 

ShN ^ {f){x) ~ iVHlTMN) 2jTT /( iv )_ (^)r 

where /(a:) G C£°([5, +00) 3 ). By the similar argument above, we also have S h N C3 (f)(x) — > 
/(x) as iV — > 00. 

Acknowledgements: I am sincerely grateful to Prof. S. Zelditch for his patience to guide 
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